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1
, 3 $\Omega$
$-\Delta u$ $=$ $f$ (1)
, u| $\Omega$ , $\sigma\frac{u}{\nu}\partial|_{\partial\Omega}$ $f$
. , $f$ :
$f$ $=$ $\sum_{k=1}^{N}\lambda_{k}\delta(r-r_{k})$ (2)
[4], . (2)
$J^{\mathrm{a}^{\mathrm{Q}}}$ :
3 ” $\lambda_{k}$ , $N$ .
[1] , ,
, } \tilde
[2, 3, 4]. , , [ , $(x+iy)^{n}$








$( \frac{1}{r})^{n+1}\cdot P_{n}^{m}(\cos\theta)$ ($a_{nm}\cos m\phi+b_{nm}$ sin $m\phi$) (3)
, , , $\partial\Omega$ (
$a_{nm}+ib_{nm}= \int_{\partial\Omega}(u\frac{\partial}{\partial\nu}(r^{n}P_{n}^{m}(\cos\theta)\mathrm{e}^{\dot{l}m\phi})-\frac{\theta u}{\partial\nu}r^{n}P_{n}^{m}(\mathrm{c}\mathrm{o}\mathrm{e}\theta)\mathrm{e}^{\dot{l}m\phi})\mathrm{d}S=.\sum_{k=1}^{\mathrm{v}}\lambda_{k}r_{k}^{n}F_{n}^{n}(\infty\epsilon\theta_{k})\mathrm{e}^{:m\phi_{k}}(4)$$\frac{\partial}{\dagger\nu}(r^{n}P_{n}^{m}(\cos\theta)\mathrm{e}^{\dot{l}m\phi})-\frac{\theta u}{\partial\nu}r^{n}P_{n}^{m}(\mathrm{c}\mathrm{o}\mathrm{e}\theta)\mathrm{e}^{\dot{l}m\phi})\mathrm{d}S=\sum_{k=1}$
, , [5]. (4) , $r^{n}P_{n}^{n}(\mathrm{c}\mathrm{o}\mathrm{e}\theta)\mathrm{e}^{1m\phi}$
.
, , $n,$ $m$ .
:(I) $\mathrm{i}$ $\Omega$ $(’$. ( ,
( ) . (II)
$\mathrm{i}$
$\partial\Omega$ ,
$\Omega$ , $’\backslash \mathrm{o}$ i . [ ,
($\mathfrak{h}(\mathrm{I}\mathrm{I})$ &
(I) $a_{mm}+ib_{mm},$ $a_{m+1,m}+ib_{m+1,m}$ (5)
(II) $\sum_{n=m}^{\infty}(a_{nm}+ib_{nm}),\sum_{n=m}^{\infty}(n+m+1)(a_{\mathfrak{n}m} +ib_{nm})$ (6)
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2.1 :x
, (5) ,
$r^{m}P_{m}^{m}(\cos\theta)\mathrm{e}^{im\phi}=(2m-1)!!(x+iy)^{m}$ , $r^{m+1}P_{m+1}^{m}(\cos\theta)\mathrm{e}^{im\phi}=(2m+1)!!(x+iy)^{m}z$ (7)
[8]. ,
$\alpha_{m}\equiv\int_{\theta\Omega}(u\frac{\partial S^{m}}{\partial\nu}-\frac{\partial u}{\partial\nu}S^{m})\mathrm{d}s=\sum_{k=1}^{N}\lambda_{k}S_{k}^{m}$. (8)
$\beta_{m}\equiv\int_{\partial\Omega}(u\frac{\partial S^{m}z}{\partial\nu}-\frac{\partial u}{\partial\nu}S^{m}z)\mathrm{d}s=.\sum_{k=1}^{N}\lambda_{k}(x_{k}+iy_{k})^{m}z_{k}$ (9)
.
$S\equiv x+iy$ , $S_{k}\equiv x_{k}+iy_{k}$ (10)
, $s,$ $s_{k}$ , 3 $(x, y, z)$ $k$ $(x_{k}, y_{k}, z_{k})$ $xy$- [
. (8) Badia [4] . 3 $z_{k}$ ,
$n=m+1$ (9) .
2.2 :
, (6) , ,
$\sum_{n=m}^{\infty}r^{n}P_{n}^{m}(\cos\theta)\mathrm{e}^{in\iota\phi}$ $=$ $\frac{(2m)!}{2^{m}m!}\frac{(x+iy)^{m}}{d^{2m+1}}$ $(r<1)$ (11)
$\sum_{n=m}^{\infty}(n+m+1)r^{n}P_{n}^{m}(\cos\theta)\mathrm{e}^{:}m\phi$ $=$ $\frac{\partial}{\partial z}\sum_{n=m}^{\infty}r^{n}.P_{n}^{m}(\cos\theta)\mathrm{e}^{:m\phi}=\frac{(2m+1)!}{2^{m}m!}\frac{(x+iy)^{m}(1-z)}{d^{2m+3}}$ (12)
$\llcorner$ $d$ $\equiv$ $\sqrt{1-2r\cos\theta+r^{2}}$ (13)
. $r<1$ , $\Omega$ .
$R_{k} \equiv\frac{2(x_{k}+iy_{k})}{d_{k}^{2}}=.\frac{2(x_{k}+iy_{k})}{x_{k}^{2}+y_{k}^{2}+(1-z_{k})^{2}}.1$ $\zeta_{k}\equiv\frac{1-z_{k}}{d_{k}^{2}},=\frac{1-z_{k}}{x_{k}^{2}+y_{k}^{2}+(1-z_{k})^{2}}$ (14)
, (8) (9)
$\gamma_{m}$ $\equiv$ $\int_{\partial\Omega}(u\frac{\partial}{\partial\nu}\frac{(2(x+iy))^{m}}{d^{2m+1}}-\frac{\partial u}{\partial\nu}\frac{(2(x+iy))^{m}}{d^{2m+1}})\mathrm{d}s=\sum_{k=1}^{N}\frac{\lambda_{k}}{d_{k}}H_{k}^{n}$ , (15)
$\delta_{m}$ $\equiv$
$\int_{\partial\Omega}(u\frac{\partial}{\partial\nu}\frac{(2(x+iy))^{m}(1-z)}{d^{2m+3}}-\frac{\partial u}{\partial\nu}\frac{(2(x+iy))^{m}(1-z)}{d^{2m+3}})\mathrm{d}s=\sum_{k=1}^{N}\frac{\lambda_{k}}{d_{k}}ffl_{k}^{*}\zeta_{k}$ . (16)
. , $R_{k},\zeta_{k}$ , :
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$R_{k},$ $\zeta_{k}$ $\Sigma$ . , $N(0,0,1)$ &
$m\ovalbox{\tt\small REJECT}(0,0,$ $-\mathfrak{y}$ $\phi\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} \mathrm{g}(x+i\emptyset$ 2 ,
( . 1).
$\Phi_{k}\equiv\{(x,y, z)|\frac{2(x+iy)}{x^{2}+y^{2}+(1-z)^{2}}=R_{k}.\}$ , $\Psi_{k}\equiv\{(x, y, z)|\frac{1-z}{x^{2}+y^{2}+(1-z)^{2}}=\zeta_{k}\}$ (17)
, , , $k$ .
, R\sim \Phi \sim $\Sigma$ , \mbox{\boldmath $\zeta$}\sim
3 .




$=$ $\frac{2(s_{k}+it_{k})}{s_{k}+t_{k}+(1-u_{k})^{2}}$ ($s_{k}^{2}+t_{k}^{2}+(1-u_{k})^{2}=2(1-u_{k})$ on $\Sigma$) (18)
$=$ $\frac{2(x_{k}+iy_{k})}{x_{k}+y_{k}+(1-z_{k})^{2}}$ $((s_{k},t_{k}, u_{k}), (x_{k}, y_{k}, z_{k})\in\Phi_{k})$ (19)
$=$ $R_{k}$ ( $R_{k}$ (14) ) (20)
. , $R_{k}$ $k$ $(x_{k},y_{k}, z_{k^{\backslash }})$ $\Sigma$ .
1: $R_{k},$ $\zeta_{k}$. : $R_{k}$ $k$ $(x_{k}, y_{k}, z_{k})$ \Phi \sim
. $\Sigma$ : . : . $N$ : (0, 0, 1). $\Psi_{k}$ : / .







, x (8), (9)
(15), (16) , 2 ,
$\chi_{m}$ $=$ $\sum_{k=1}^{N}\Lambda_{k}T_{k}^{m}$ , (22)
$\psi_{m}$ $=$ $\sum_{k=1}^{N}\Lambda_{k}T_{k}^{m}Z_{k}.$ . (23)
.
1: (8) $(9),$ (15) $(16)$ , (22)(23) .
3
(22), (23) $\sigma_{m},$ $\tau_{m},$ $(m=0,1, \cdots, 2N-1)$ $N,$ $\Lambda_{k}.,$ $T_{k},$ $Z_{k}$
, $[6, 4]$ .
: $N$ $M$ , $N$ $xy$- , $N$
. , $N$
$H_{M,\chi 0}$ $\equiv$ $\{$








$\chi_{M-1}$ ... $\chi_{2M-3}$ $\chi_{2M-2/}$
(24)
. , $T_{1},T_{2},$ $\cdots,T_{N}$ ,
$H_{N,\chi 1}x$ $=$ $\lambda H_{N,\chi \mathrm{Q}}x$ (25)
.
$H_{N_{\mathrm{X}1}}.=(\begin{array}{llll}\chi_{1} \vdots \chi_{N-1} \chi_{N}\chi_{2} \vdots \chi_{N} \chi_{N+1}\vdots \vdots \vdots \vdots\chi_{N} \vdots \chi_{2N-2} \chi_{2N-1}\end{array})$ , $H_{N,\chi 0}=(\begin{array}{llll}\chi_{0} \vdots \chi_{N-2} \chi_{N-1}\chi_{1} \vdots \chi_{N-1} \chi_{N}\vdots \vdots \vdots \vdots\chi_{N-1} \vdots \chi_{2N-3} \chi_{2N-2}\end{array})$ (26)
.








1 , A\sim $\lambda_{k}/d_{k}$ . , &, $\zeta_{k}$
, (21) 3 , $d_{k}$ , $\lambda_{k}$. .
2 $N$ , $H_{m,\chi 0}$ .
$\det H_{m,\chi 0}$ $=$ $\sum_{1\leq\iota_{1}<\cdots<\iota_{m}\leq N}\prod_{k=1}^{m}\Lambda_{l_{h}}.\prod_{l.>l_{j}}(T_{l_{I}}-T_{l_{j}})^{2}$
(29)
) $w_{m,k}\equiv(1T_{k}T_{k}^{2}\cdots T_{k}^{m-1})^{t},$ ($t$ :transpose)
$H_{m,\chi 0}=$ $( \sum_{k_{1}=1}^{N}\Lambda_{k_{1}}.T_{k_{1}}^{0}w_{m,k_{1}} \sum_{k\underline{\mathrm{Q}}=1}^{N}\Lambda_{k_{2}}T_{k_{2}}^{1}w_{m,k_{2}} .\sum_{\iota_{m}=1}^{N}\Lambda_{k_{m}}T_{k,}^{m_{\hslash}-1}.w_{m,k_{m}})$ . (30)






$1 \leq l_{1}<\mathfrak{l}_{2}<\cdots<l_{m}\leq N\{k_{1}\sum_{=\{l1},\cdot,\sum_{l_{m}\}}..\cdot..’,\Lambda_{k_{1}}\cdots \mathrm{A}_{k_{m}}T_{k_{1}}^{0}\cdots T_{k_{\hslash}}^{m-1},\det(w_{m,k_{1}}k_{m}\}$
. $\cdot$ .. $w_{m,k_{m}}$ )
$=$ $\sum_{1\leq l_{1}<l_{2}<\cdots<\mathrm{t}_{m}\leq N}.\prod_{k=1}^{m}\Lambda_{l_{k}}.\prod_{l.>l_{J}}(T_{l:}-T_{l_{\mathrm{j}}}).$$\sum_{\{k_{1}\cdots,k_{m}\},=\{l_{1}’,\cdots,l_{\mathrm{m}}\}}\mathrm{s}\mathrm{g}\mathrm{n}(\begin{array}{llll}k_{1} k_{2} \cdots k_{m}l_{1} l_{2} \cdots l_{m}\end{array})T_{k_{1}}^{0}. \cdots T_{k_{m}}^{m-1}$
$=$ $\sum_{1\leq \mathrm{t}_{1}<l_{2}<\cdots<l_{m}\leq N}\prod_{k=1}^{m}$ A\sim $. \prod_{l.>l_{\mathrm{j}}}(T_{l_{*}}. -T_{l_{\dot{f}}})^{2}$ Q.E.D (31)






$\mathrm{A}\backslash$ , $N$ :
1. Hm,\chi $(m=1,2, \cdots)$ .
2.




$\det H_{k+1,\chi 0}=\det H_{k+2,\chi 0}.=\cdots=\det H_{\mathrm{A}\prime I,\chi 0}=0$ . (34)
.
$N$ $M$ , (34) $M$ .
, $M$ : $M$ $\chi_{0}\sim\chi_{2M-1}$
$|\delta\chi_{2M-1}/\chi_{2M-1}|\simeq 1$ (35)
$M$ . $M$ .
4
, x , 6 .
2 .
1. $\Omega$ ( ) 2 ( 3case (i))
2. ( ) 2 ( 3oeae (\"u))
3. case (i) case (\"u) 2 ( 3case (iii))
4. $\Omega$ ( 4case(iv))
5. ( 4case(v))
6. 5 ( 4caee(vi))
$N$ $P_{k}$ $\lambda_{k}$
(i) 2 $P_{1}$ (-0.02,0, 0), $F\mathrm{b}(0.02, 0, 0)$ $\lambda_{1}=1$ , $\lambda_{2}=-1$
(\"u) 2 $P_{1}$ (-0.02, 0, 0.8), $\hslash(0.02, 0, 0.8)$ the sme as in case (i)
(i\"u) 2 $P_{1}$ (-0.02, 0, 0.5), $R_{\sim}$ $(0.02, 0, 0.5)$ the salne ae in case (i)
(iv) 3 $P_{1}$ (0.4, 0.2, 0.4), $P_{2}(-0.4, 0.6, -0.4)$ , fl (-0.5, -0.3, 0.1) $\lambda_{1}=1$ , $\lambda_{2}=-0.6$ , $\lambda_{3}=-0.4$
(v) 3 $P_{1}$ (0.2, 0.2, 0.8), $P_{2}$ $(-0.1, 0.2, 0.85)$ , a(-0.1, -0.2, 0.8) the sme as in case (iv)
(vi) 5 $P_{1}$ (0.2, 0.2, 0.8), $P_{2}(-0.1, 0.2, 0.8)$ , $P_{3}$ $(-0.2, -0.2, 0.8)$ ,
$P_{4}$ (0.1, -0.2, 0.8), fl (0.2, -0.1, 0.8)




, . $\Omega$ 09 . $T=30$
$F=15$ . caae(vi) , $T=F=30,$ $s=0.1$ . $\alpha_{m},$ $\beta_{m},\gamma_{m},$ $\delta_{m}$
.
4.1
case (i) , . , .
2 , \mbox{\boldmath $\alpha$}m=\chi . $2M-1=7$
$|\delta\alpha_{2M-1}/\alpha_{2M-1}|\simeq 1$ , 5 .
106
2 $H_{m}$ $m=2,3,$ $\cdots,$ $5$ ( $\sum_{h=1}^{3}$. \lambda $=0$ case (i) ,
$\det H_{1}=\alpha_{0}=0$ ) $|\det H_{4}|$ , $M=5$ $|\det H_{M}|\simeq 0$
$N=3$ . $|\det H_{N+1}|\simeq 0$ .
$\mathrm{t}2$
$\{$ . $|\det H_{2}|$ 7.49 e-l$0.\epsilon$
$\vdash_{a}^{\delta a_{\mathrm{r}}}.|$ 0.6
$|\det H_{3}|$ 205 e-l
$|\det H_{4}|$ 762 e-3
$\mathit{0}A$






01 2 $\mathrm{s}$ 4 $\mathrm{s}$ 6 7 8
2: $|\delta\alpha_{m}/\alpha_{m}|$ (7) $|\det H_{m}|$
3: $xy$- $|\alpha_{2N-1}|$ $|\gamma_{2N-1}|$
42xy-
3 $|\alpha_{2N-1}|,$ $|\gamma 2N-1|$ , 3, 4 . \leq :
case(i), (iv) , $|\delta\alpha_{2N-1}|/|\alpha_{2N-1}|<|\delta\gamma_{2N-1}|/|\gamma_{2N-1}|$
. , $xy$- \leftrightarrow -- $\text{ }$ .
case (ii), (v) , $|\delta\alpha_{2N-1}|/|\alpha_{2N-1}|>|\delta\gamma_{2N-1}|/|\gamma_{2N-1}|$ .
, x .
case (iii) ,
.. $N$ $|\alpha_{2N-1}|$ case (vi) , $d_{k}\ll 1$ , Z
.
107
case (i) $z$ case (ii) $z$
3: x . .: . $\mathrm{x}$ :xy-
. $\circ$ : $\Sigma$ . case (i): $\Omega$ 2
, x . case (ii): 2





4: $xy$- . oese (iv): $\Omega$ ’ [ \sigma [
$\iota\backslash$
, $xy$- . case(v):
$\mathrm{A}\mathrm{a}$ ,
. case(vi): 5 ,
.
109
5$u’(x,y, z)$ $=$ $\sum_{k=1}^{N}\frac{\lambda_{k}}{\sqrt{x-x_{k})^{2}+(y-y_{k}+2z-z_{k}2}}$ (36)
,
$( \frac{\partial}{\partial x}+i\frac{\partial}{\partial y})^{m}u’(x,y, z)$ $=$ (37)
$( \frac{\partial}{\partial x}+i\frac{\partial}{\partial y})^{m}\frac{\partial}{\partial z}u’(x,y, z)$ $=$
$(-1)^{m+1}(2m+1)!! \sum_{k=1}^{N}\frac{\lambda_{k}((x-x_{k})+i(y-y_{k}))^{m}(z-z_{k})}{(\sqrt{x-x_{k}+2y-y_{k}+z-z_{k})^{2}})^{2m+3}}(38)$
. $N$(0, 0, 1)& (37), (38)
$( \frac{\partial}{\partial x}+i\frac{\partial}{\partial y})^{m}u’(0,0,1)$ $=$ (39)






$\equiv$ $\frac{2^{m}}{\langle 2m-1)!!}(\frac{\partial}{\partial x}+i\frac{\partial}{\partial y})^{m}u’(0,0,1)$ , (41)
$\delta_{m}$ $\equiv$ $- \frac{2^{m}}{(2m+1)!!}(\frac{\partial}{\partial x}+i\frac{\partial}{\partial y})^{m}\frac{\partial}{\partial z}u’(0,0,1)$, (42)
, (15), (16)
$\gamma_{m}$ $=$ $\sum_{k=1}^{N}\frac{\lambda_{k}}{d_{k}}.R_{k}^{m}$ , (43)
$\delta_{m}$ $=$ $\sum_{k=1}^{N}\frac{\lambda_{k}}{d_{k}}R_{k}^{m}\zeta_{k}$ , ( )
. , , (15), (16) , (41),
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